The motion of a stellar compact object around a supermassive black hole can be approximated by the motion of a spinning test particle. The equations of motion describing such systems are in general non-integrable, and therefore, chaotic motion should be expected. This article discusses the integrability issue of the spinning particle for the cases of Schwarzschild and Kerr spacetime, and then it focuses on a canonical Hamiltonian formalism where the spin of the particle is included only up to the linear order.
Introduction
The dynamics of a spinning particle moving in a curved spacetime background is of astrophysical interest as it approximates the motion of a stellar compact object moving around a supermassive black hole. The equation of motion of a spinning particle were provided by Mathisson 1 and Papapetrou 2 . However, the MathissonPapapetrou (MP) equations are less than the variables they intend to evolve. Thus, a spin supplementary condition (SSC) is required to close the system. There are aplenty SSCs (see, e.g., Refs. 3,4 for a review), but, here we mention the Tulczyjew
5
(T) SSC and the Newton-Wigner 6 (NW) SSC. The dynamical reason we are interested in the spinning particle motion is that chaos seems to appear for black hole backgrounds. Namely, it has been found that for the MP equations with T SSC chaotic motion is present in the case of a Schwarzschild background 7 , and in the case of a Kerr background 8, 9 . However, it has been shown that when the MP equations with the T SSC are linearized, then a Carter-like integral of motion appears in the case of the Kerr background 10 , which led some to argue that in the linearized in spin approach the MP equation correspond to an integrable system.
A case of a linearized in spin system approach was employed in order to get a canonical Hamiltonian formulation for the spinning particle system in Ref. 11 . Namely, this formulation came from linearizing in spin the MP equations with the NW SSC. The Hamiltonian function for a Kerr background in Boyer-Linquist coordinates given in Ref. 11 suffers from several drawbacks 11, 13 , and a revised Hamiltonian function in Boyer-Linquist coordinates has been provided in Ref. 12 . By examining the latter function in the non-spinning limit of the central body, i.e., Schwarzschild, we have found that the system is integrable, while for the Kerr case chaos appears 13 . The appearance of chaos will be examined in detail in Ref.
14. In particular, in Ref. 14 we employ a 4D Poincaré method 15, 16 to investigate the dynamics of the spinning particle in the Hamiltonian approximation.
The article consists of the following sections. Section 2 is a brief introduction to the canonical Hamiltonian formalism. Section 3 discusses the integrability issue of a spinning particle in black hole background. Section 4 sums up the work.
Equations of motion
A canonical Hamiltonian formalism has been achieved by linearizing the MP equations of motion for the NW SSC 11 . The MP equations describe the motion of a particle with mass m and spin S µν in a given spacetime background g µν , i.e.,
where R µ νκλ is the Riemann tensor, p µ is the four-momentum, v µ = dx µ /dτ is the four-velocity, and τ is the proper time. The NW SSC reads
where ω µ is a sum of time-like vectors. This sum in our case 11 has the form
whereẽ T ν is the timelike future oriented vector (T is used instead of 0), which together with three spacelike vectorsẽ ν . However, the Hamiltonian function of the spinning particle 11 does not use exactly the above described spin projection, instead employs the spin three vector S I = 1 2 ǫ IJL S JL , where ǫ IJL is the Levi-Civita symbol. Now, the Hamiltonian function H for a spinning particle
splits in two parts. The first
is the Hamiltonian for a non-spinning particle, where
and P i are the canonical momenta conjugate to x i of the Hamiltonian (4), which can be calculated from the "kinetic" momenta p i through the relation
where
is a tensor which is antisymmetric in the last two indices, i.e., E νΓ∆ = −E ν∆Γ , and Γ κνλ are the Christoffel symbols; the second part of the Hamiltonian
includes the spin of the particle, where
The equations of motion for the canonical variables as a function of coordinate time t read
It should be noted that for the MP with NW SSC the mass m = √ −p ν p ν is not a constant of motion 11, 17 . However, in the procedure of linearizing in spin the MP equations to get the Hamiltonian approximation, m becomes a constant of motion 11 . The explicit form of the revised Hamiltonian function for the Kerr spacetime in Boyer-Linquist coordinates can be found in Ref. 12 ; here the function is not presented, because it is lengthy.
The issue of integrability
When the particle is non-spinning then Eq. (1) gives the geodesic orbit, and the system is symplectic. In a symplectic system with each constant of motion the phase space can be reduced by two dimensions (one degree of freedom), while in a non-symplectic just by one dimension. In the case of a Kerr background for a geodesic orbit we have four integrals of motion, i.e., the mass of the particle, the energy, the component of the orbital angular momentum along the symmetry axis, and the Carter constant. The above integrals of motion are independent and in involution. For the geodesic motion we have 8 dimensional phase space (four degrees of freedom), therefore, the system is integrable.
By including the spin to the evolution scheme, we increase the dimensions of the phase space, and we break in general its symplectic structure. Namely, we have 4 dimensions from the position x µ , 4 from the velocities v µ , 4 from the momenta p µ , and 6 from the spin S µν , so totally we have 18 dimensions. In the Kerr case from the Killing vectors we get 2 constants, but we lose the Carter constant. On the other hand in the Schwarzschild spacetime the Killing vectors provide 3 independent and in ivnolution constants. By including a SSC we get 3 independent constraints. For the MP with T SSC the measure of the particle's spin is preserved, and the measure of the spin as well, so we have 2 constants more. The preservation of the four velocity is the last constant, which gives us in total for the Kerr 8 constants, while for the Schwarzschild 9 constants. But, since the system is not symplectic, the integrals are not enough to make the system integrable, and chaos appears both for the Schwarzschild 7 and for the Kerr 8,9 background. We need to linearize the MP equations in spin to decrease the dimensions, and to find new constants of motion. Namely, since the momenta and the velocities are parallel in the linear regime, the phase space decrease by 4, thus, we get a 14 dimensional phase space. A Carter like constant is regained for Kerr when the MP equations with T SSC are linearized in spin 10 . In the Schwarzschild limit the linearized in spin MP equations preserve the measure of the orbital angular momentum 18 for the Pirani SSC, which in the linear domain is the same with the T SSC. But, now the four-momentum contraction gives the same constant with the four-velocity contraction, thus we have one integral less.
In the Hamiltonian approximation the degrees of freedom are five, three come from the position variables, and two from the spin 3-vector. Thus, one needs five integrals of motion in order to have an integrable system. In the case of the Schwarzschild background we have the conservation of the total angular momentum giving two integrals, we have the conservation of the spin of the particle, since the system is autonomous the Hamiltonian function itself is a constant, and the measure of the orbital momentum is preserved as well 13 . Thus, the Hamiltonian approximation corresponds to an integrable system in the case of the Schwarzschild background 13 in contrast with the non-integrability of the MP equations with T SSC 7 . However, the Hamiltonian approximation for Kerr appears to correspond to a non-integrable system in agreement with the full MP equations for T SSC 8, 9 . Figure 1 shows a 2D surface of section, which is a projection of a 4D Poincaré section, for a slowly rotating central black hole (a = 0.1). The scattered dots in Figure 1 show that chaos appears for the Hamiltonian function introduced in Ref. 12 , which mean that the corresponding system is non-integrable. Moreover, the width of the KAM curves indicates that we have lost more than one integral when we turn on the spin of the central body. Since the azimuthal angular momentum, and the measure of the particle's spin are still constant of motion. The system has 3 degrees of freedom. The non-appearance of the Carter-like constant for the revised Hamiltonian function implies either that the tetrad field suggested in Ref. 12 is not good, or that the Carter-like constant depends on the SSC we choose. Sy is one of the three components of the spin, and the coloring corresponds to its value as shown at the strips lying right of each section. The left panel corresponds to sticky chaotic orbit shown as scattered dots in Fig. 1 , while the right panel corresponds to a chain of stable islands corresponding to the two banana shaped white areas appearing at the right sight of Fig. 1 .
The 2D Poincaré section method is proper for systems of two degrees of freedom, when the system has three degrees of freedom the 2D surface of section is just a projection of a 4D Poincaré sections. 2D projections are useful tool to get a first feeling about the dynamics and have been used in the past [7] [8] [9] . However, in order to confirm what we are actually seeing, and to understand better the dynamics we need to use the 4D Poincaré sections 15, 16 . In Fig. 2 we show some preliminary results from a work in progress 14 . In this plot we present two 4D Poincaré sections, where the color plays the role of the fourth dimension. According to the color and rotation 4D Poincaré section method, the way an orbit evolves on a 3D projection along with the smoothness of the coloring shows whether an orbit is regular or chaotic 15, 16 . In the case of a chaotic orbit the orbit behaves irregularly on the 3D projection and/or the colors mix along its trajectory. In the case that a sticky chaotic orbit suffers from escapes like the case shown in Fig. 1 the only way to observe the chaotic nature of the orbit is not the mixing of colors but the (irregular) scattered points leaving the sticky zone (left panel of Fig. 2) . For an island of stability the regularity of the orbit is indeed shown by the toroidal structure of the islands and the smoothness of the color (right panel of Fig. 2 ).
Conclusion
This article has discussed the issue of integrability for the case of the spinning particle, especially in the case when its dynamic is described by the canonical Hamiltonian linear in spin approximation. In the case of the Schwarzschild background, contrary to the non-integrability of the MP equations with T SSC 7 , the Hamiltonian approximation corresponds to an integrable system 13 . While in the case of a Kerr background the non-integrability of the MP equations with T SSC 8, 9 is also the case for the revised Hamiltonian function 12 . The non-integrability of the latter is shown by a 2D surface of section 13 , and by using the color and rotation 4D Poincaré section technique 14 .
